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Abstract
In this paper, we study conformally flat hypersurfaces of dimension n(≥ 4) in
S
n+1 using the framework of Mo¨bius geometry. First, we classify and explicitly ex-
press the conformally flat hypersurfaces of dimension n(≥ 4) with constant Mo¨bius
scalar curvature under the Mo¨bius transformation group of Sn+1. Second, we prove
that if the conformally flat hypersurface with constant Mo¨bius scalar curvature R
is compact, then
R = (n− 1)(n− 2)r2, 0 < r < 1,
and the compact conformally flat hypersurface is Mo¨bius equivalent to the torus
S
1(
√
1− r2)× Sn−1(r) →֒ Sn+1.
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1 Introduction
A Riemannian manifold (Mn, g) is conformally flat, if every point has a neighborhood
which is conformal to an open set in the Euclidean space Rn. A hypersurface of the
sphere Sn+1 is said to be conformally flat if so it is with respect to the induced metric.
Due to conformal invariant objects, the theory of conformally flat hypersurfaces is
essentially the same whether it is considered in the space forms Rn+1, Sn+1 or Hn+1.
In fact, there exists conformal diffeomorphism between the space forms. The (n + 1)-
dimensional hyperbolic space Hn+1 defined by
H
n+1 = {(y0, y1, · · · , yn+1)| − y20 + y21 + · · ·+ y2n+1 = −1, y0 > 0}.
The conformal diffeomorphisms σ, τ are defined by
σ : Rn+1 → Sn+1\{(−1,~0)}, σ(u) = (1− |u|
2
1 + |u|2 ,
2u
1 + |u|2 ),
τ : Hn+1 → Sn+1+ ⊂ Sn+1, τ(y) = (
1
y0
,
~y
y0
), y = (y0, ~y) ∈ Hn+1,
where Sn+1+ is the hemisphere in S
n+1 whose the first coordinate is positive. By confor-
mal diffeomorphisms σ, τ , the conformally flat hypersurfaces in space forms are equiv-
alent to each other.
The dimension of the hypersurface seems to play an important role in the study of
conformally flat hypersurfaces. For n ≥ 4, the immersed hypersurface f : Mn → Sn+1
is conformally flat if and only if at least n − 1 of the principal curvatures coincide
at each point by the result of Cartan-Schouten ([1],[10]). Cartan-Schouten’s result
is no longer true in dimension 3. Lancaster ([6]) gave some examples of conformally
flat hypersurfaces in R4 having three different principal curvatures. For n = 2, the
existence of isothermal coordinates means that any Riemannian surface is conformally
flat. Do Carmo, Dajczer and Mercuri in [2] have studied Diffeomorphism types of
the compact conformally flat hypersurfaces in Rn+1. Pinkall in [9] was studied the
intrinsic conformal geometry of compact conformally flat hypersurfaces. Suyama in
[11] explicitly constructs compact conformally flat hypersurfaces in space forms using
codimension one foliation by (n−1)-spheres. Standard examples of the conformally flat
hypersurfaces come from cones, cylinders, or rotational hypersurfaces over a curve in
2
Euclidean 2-space R2, 2-sphere S2, or hyperbolic 2-space R2+, respectively (see section
3). In [4], Lin and Guo showed that if the conformally flat hypersurface has closed
Mo¨bius form, then it is Mo¨bius equivalent to one of the standard examples.
It is known that the conformal transformations group of a sphere is isomorphic to
its Mo¨bius transformation group. As conformal invariant objects, conformally flat hy-
persurfaces are investigated in this paper using the framework of Mo¨bius geometry. If
the conformally flat hypersurface is no umbilical point everywhere, then there exists
a global Mo¨bius metric (see section 2), which is invariant under the Mo¨bius trans-
formation group of Sn+1. The scalar curvature with respect to the Mo¨bius metric is
called Mo¨bius scalar curvature. First, we classify locally the conformally flat hyper-
surfaces of dimension n(≥ 4) with constant Mo¨bius scalar curvature under the Mo¨bius
transformation group of Sn+1.
Theorem 1.1. Let f : Mn → Sn+1, n ≥ 4, be a conformally flat hypersurface without
umbilical points. If the Mo¨bius scalar curvature is constant, then the Mo¨bius form is
closed and f is Mo¨bius equivalent to one of the following hypersurfaces in Sn+1,
(i) the image of σ of a cylinder over a curvature-spiral in R2 ⊂ Rn+1;
(ii) the image of σ of a cone over a curvature-spiral in S2 ⊂ R3 ⊂ Rn+1;
(iii) the image of σ of a rotational hypersurface over a curvature-spiral in R2+ ⊂ Rn+1.
Here the so-called curvature-spiral in a 2-dimensional space form N2(ǫ) = S2,R2,R2+
(of Gaussian curvature ǫ = 1, 0,−1 respectively) is determined by the intrinsic equation
(1.1) − κss
κ3
+
(n+ 2)κ2s
2κ4
+ ǫ
n− 2
2κ2
= R, κs =
d
ds
κ.
Here s is the arc-length parameter, κ denotes the geodesic curvature of the curve γ, and
R is a real constant. In [3], authors classified locally the hypersurfaces with constant
Mo¨bius sectional curvature, which is some special conformally flat hypersurfaces with
Mo¨bius scalar curvature by the equation (1.1).
For compact conformally flat hypersurfaces, we obtain the following Mo¨bius scalar
curvature rigidity theorem, which means that the closed curve in R2+ satisfying the
intrinsic equation (1.1) with geodesic curvature κ > 0 is circle S1.
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Theorem 1.2. Let f : Mn → Sn+1, n ≥ 4, be a compact conformally flat hypersurface
without umbilical points everywhere. If the Mo¨bius scalar curvature R is constant, then
R = (n− 1)(n − 2)r2, 0 < r < 1,
and the compact conformally flat hypersurface is Mo¨bius equivalent to the torus
f : S1(
√
1− r2)× Sn−1(r)→ Sn+1.
Remark 1.1. Theorem 1.1 and Theorem 1.2 is true for n = 3 provided that the
3-dimensional conformally flat hypersurface has only two distinct principal curvatures.
The paper is organized as follows. In section 2, we review the elementary facts about
Mo¨bius geometry of hypersurfaces in Sn+1. In section 3, we prove the theorem 1.1. In
section 4, we prove the theorem 1.2.
2 Mo¨bius invariants of hypersurfaces in Sn+1
In this section, we recall some facts about the Mo¨bius invariants of hypersurfaces in
S
n+1. For details we refer to [12].
Let f : Mn → Sn+1 be a hypersurface without umbilical points. In this section we
use the range of indices: 1 ≤ i, j, k, l ≤ n. We assume that {ei} is an orthonormal basis
with respect to the induced metric with {θi} the dual basis. Let II =
∑
ij hijθiθj and
H =
∑
i
hii
n
be the second fundamental form and the mean curvature of x, respectively.
We define the Mo¨bius metric g, the Mo¨bius second fundamental form B, the Blaschke
tensor A and the Mo¨bius form C as follows, respectively,
g =ρ2dx · dx, ρ2 = n
n− 1(|h|
2 − nH2),
B =ρ
∑
ij
(hij −Hδij)θi ⊗ θj,
C =− ρ−1
∑
i
[ei(H) +
∑
j
(hij −Hδij)ej ]θi,
A =
∑
ij
{
ei(log ρ)ej(log ρ)−∇ei∇ej log ρ+Hhij+
1
2
[1−H2 − | ▽ log ρ|2]δij
}
θi ⊗ θj.
(2.2)
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Note that the conformal compactification space Sn+1 unifies the space forms Sn+1,
R
n+1,Hn+1 and the formula above defining the Mo¨bius metric g and the Mo¨bius second
fundamental form B are the same for any of them.
Theorem 2.1. [12] Two hypersurfaces f : Mn → Sn+1 and f¯ : Mn → Sn+1(n ≥ 3)
are Mo¨bius equivalent if and only if there exists a diffeomorphism ϕ :Mn →Mn which
preserves the Mo¨bius metric and the Mo¨bius second fundamental form.
Let Ei = ρ
−1ei, ωi = ρθi, then {E1, · · · , En} is an orthonormal basis with respect
to the Mo¨bius metric g with the dual basis {ω1, · · · , ωn}. Let {ωij} be the connection
1-form of the Mo¨bius metric under the orthonormal basis {ωi}, and
A =
∑
ij
Aijωi ⊗ ωj, B =
∑
ij
Bijωi ⊗ ωj, C =
∑
i
Ciωi.
The covariant derivative of Ci, Aij , Bij are defined by
∑
j
Ci,jωj = dCi +
∑
j
Cjωji,
∑
k
Aij,kωk = dAij +
∑
k
Aikωkj +
∑
k
Akjωki,
∑
k
Bij,kωk = dBij +
∑
k
Bikωkj +
∑
k
Bkjωki.
The integrability conditions of the Mo¨bius invariants are given by
Aij,k −Aik,j = BikCj −BijCk,(2.3)
Ci,j − Cj,i =
∑
k
(BikAkj −BjkAki),(2.4)
Bij,k −Bik,j = δijCk − δikCj,(2.5)
Rijkl = BikBjl −BilBjk + δikAjl + δjlAik − δilAjk − δjkAil, .(2.6)
where Rijkl denote the curvature tensor of g. Moreover,
∑
i
Bii = 0,
∑
ij
(Bij)
2 =
n− 1
n
,
∑
i
Aii =
1
2n
+
R
2(n − 1) ,
∑
j
Bij,j = −(n− 1)Ci,
(2.7)
where R =
∑
i>j Rijij is the Mo¨bius scalar curvature.
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By equation (2.4), we have
(2.8) dC = 0⇔
∑
k
(BikAkj −BjkAki) = 0,
which implies that the matrix (Bij) and (Aij) can be diagonalizable simultaneously.
3 Local geometry of conformally flat hypersurfaces
In this section, we will give the Mo¨bius invariants of the standard examples of confor-
mally flat hypersurfaces in Rn+1. Then we prove that the conformally flat hypersurfaces
with constant Mo¨bius scalar curvature come from these examples.
A key observation is that the Mo¨bius metric of those standard examples are of the
form
g = κ2(s)
(
ds2 + In−1−ǫ
)
,
where In−1−ǫ is the metric of n−1 dimensional space form of constant curvature −ǫ. For
such metric forms we have
Lemma 3.1. The metric g = κ2(s)(ds2 + In−1−ǫ ) given above is of constant scalar
curvature R if and only if the function κ(s) satisfies
−κss
κ3
+
(n+ 2)κ2s
2κ4
+ ǫ
n− 2
2κ2
= R, κs =
d
ds
κ.
This lemma is easy to prove using exterior differential forms and we omit the proof at
here. Below we give the explicit construction of the standard examples of conformally
flat hypersurfaces as well as their Mo¨bius metric.
Example 3.1. Let γ : I → R2 be a regular curve, and s denote the arclength of γ(s).
we define cylinder in Rn+1 over γ,
f(s, y) = (γ(s), y) : I × Rn−1 −→ Rn+1,
where y : Rn−1 −→ Rn−1 is identical maping.
The first fundamental form I and the second fundamental form II of the cylinder f
are, respectively,
I = ds2 + IRn−1 , II = κds
2 ,
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where κ(s) is the geodesic curvature of γ, IRn−1 is the standard Euclidean metric of
R
n−1. So we have (hij) = diag(κ, 0, · · · , 0) , H = κn , ρ = κ . Thus the Mo¨bius metric
g of the cylinder f is
g = ρ2I = κ2(ds2 + IRn−1).
where IRn−1 is the standard hyperbolic metric of R
n−1(−1). Because at least n − 1
of the principal curvatures coincide at each point, the cylinder f is a conformally
flat hypersurface. When γ = S1, the cylinder f is the isoparametric hypersurface
S
1 × Rn−1 → Rn+1.
Example 3.2. Let γ : I → S2(1) ⊂ R3 be a regular curve, and s denote the arclength
of γ(s). we define cone in Rn+1 over γ,
f(s, t, y) = (tγ(s), y) : I × R+ × Rn−2 −→ Rn+1,
where y : Rn−2 −→ Rn−2 is identical mapping and R+ = {t|t > 0}.
The first and second fundamental forms of the cone f are, respectively,
I = t2ds2 + IRn−1 , II = tκds
2 .
So we have (hij) = diag
(
κ
t
, 0, · · · , 0) , H = κ
nt
, ρ = κ
t
. Thus the Mo¨bius metric g of
the cone f is
g = ρ2I =
κ2
t2
(
t2ds2 + IRn−1
)
= κ2(ds2 + IHn−1) ,
where IHn−1 is the standard hyperbolic metric of H
n−1(−1). Clearly the cone f is a
conformally flat hypersurface. When γ = S1, the cone f is the image of τ−1 ◦ σ of the
isoparametric hypersurface S1(r)×Hn−1(√1 + r2)→ Hn+1.
Example 3.3. Let R2+ = {(x, y) ∈ R2|y > 0} be the upper half-space endowed with
the standard hyperbolic metric
ds2 =
1
y2
[dx2 + dy2] .
Let γ = (x, y) : I −→ R2+ be a regular curve, and s denote the arclength of γ(s). we
define rotational hypersurface in Rn+1 over γ,
f : I × Sn−1 −→ Rn+1, f(x, y, θ) = (x, yθ),
where θ : Sn−1 −→ Rn is a standard immersion of a round sphere.
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In the Poincare half plane R2+ we denote the covariant differential of the hyperbolic
metric as D. Choose orthonormal frames e1 = y
∂
∂x
, e2 = y
∂
∂y
. It is easy to find
De1e1 = e2 , De1e2 = −e1 , De2e1 = De2e2 = 0.
For γ(s) = ((x(s), y(s)) ⊂ R2+ let x′ denote derivative ∂x/∂s and so on. Choose
the unit tangent vector α = 1
y
(x′(s)e1 + y
′(s)e2) and the unit normal vector β =
1
y
(−y′(s)e1 + x′(s)e2). The geodesic curvature is computed via
κ = 〈Dαα, β〉 = x
′y′′ − x′′y′
y2
+
x′
y
.
After these preparation, we see that the rotational hypersurface f(x, y, θ) = (x, yθ) has
differential df = (x′ds, y′θds+ ydθ) and unit normal vector η = 1
y
(−y′, x′θ). Thus the
first and second fundamental forms of hypersurface f are, respectively,
I = df · df = y2(ds2 + ISn−1) , II = −df · dη = (yκ− x′)ds2 − x′ISn−1 ,
where ISn−1 is the standard metric of S
n−1(1). Thus principal curvatures are
κy−x′
y2
, −x
′
y2
, · · · , −x′
y2
. So ρ = κ
y
, and the Mo¨bius metric of f is
g = ρ2I = κ2(ds2 + ISn−1).
Clearly the hypersurface f is a conformally flat hypersurface. When γ = S1, the cone
f is the image of σ of the isoparametric hypersurface S1(
√
1− r2)× Sn−1(r)→ Sn+1.
Next, we compute the Mo¨bius invariant of the conformally flat hypersurfaces. From
(2.7), We can choose a local orthonormal basis {E1, · · · , En} with respect to the Mo¨bius
metric g such that
(Bij) = diag(
n − 1
n
,
−1
n
, · · · , −1
n
).
In the following section we make use of the following convention on the ranges of indices:
1 ≤ i, j, k ≤ n; 2 ≤ α, β, γ ≤ n.
Since Bαβ =
1
n
δαβ, we can rechoose a local orthonormal basis {E1, · · · , En} with respect
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to the Mo¨bius metric g such that
(3.9) (Bij) = diag(
n − 1
n
,
−1
n
, · · · , −1
n
), (Aij) =


A11 A12 A13 · · · A1n
A21 a2 0 · · · 0
A31 0 a3 · · · 0
...
...
...
. . .
...
An1 0 0 · · · an


Let {ω1, · · · , ωn} be the dual basis, and {ωij} the connection forms.
Lemma 3.2. Let f : Mn → Sn+1 (n ≥ 4) be a conformally flat hypersurface without
umbilical points. If the Mo¨bius scalar curvature is constant, then we can choose a local
orthonormal basis {E1, · · · , En} with respect to the Mo¨bius metric g such that
(3.10) (Bij) = diag{n − 1
n
,
−1
n
, · · · , −1
n
}, (Aij) = diag{a1, a2, · · · , a2}.
Moreover, the distribution D = span{E2, · · · , En} is integrable.
Proof. Using dBij +
∑
k Bkjωki+
∑
k Bikωkj =
∑
k Bij,kωk , the equation (2.5), we get
B1α,α = −C1, otherwise, Bij,k = 0;
ω1α = −C1ωα, Cα = 0.
(3.11)
Thus dω1 = 0 and the distribution D = span{E2, · · · , En} is integrable.
Using dCi +
∑
k Ckωki =
∑
k Ci,kωk and (3.11), we can obtain
(3.12) Cα,α = −C21 , Cα,k = 0, α 6= k.
From (3.11),
dω1α = −dC1 ∧ ωα − C1dωα
= −dC1 ∧ ωα +C21ω1 ∧ ωα − C1
∑
γ
ωγ ∧ ωγα,
and dω1α −
∑
j ω1j ∧ ωjα = −12
∑
klR1αklωk ∧ ωl, we get that
(3.13) R1α1α = C1,1 − C21 , R1αβα − C1,β = 0.
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Since R1α1α = −n−1n2 + a1 + aα = C1,1 − C21 and R1αβα = A1β , α 6= β, thus we have
(3.14) a2 = a3 = · · · = an, A1β = C1,β.
Thus A|D = aI, a = a2. Since E1 is principal vector field, then vector E = A12E2 +
· · · + A1nEn is well defined. If E = 0, then A12 = · · · = A1n = 0. If E 6= 0, we can
rechoose a local orthonormal basis {E˜2 = E|E| , E˜3, · · · , E˜n} of D with respect to the
Mo¨bius metric g such that
(3.15) (Bij) = diag(
n − 1
n
,
−1
n
, · · · , −1
n
), (Aij) =


A11 A12 0 · · · 0
A21 a2 0 · · · 0
0 0 a2 · · · 0
...
...
...
. . .
...
0 0 0 · · · a2


To finish the proof of the Lemma, we need to prove that A12 = 0. Using dAij +∑
k Akjωki +
∑
kAikωkj =
∑
k Aij,kωk , the equation (2.3) and (3.15), we get
∑
m
A12,mωm = dA12 + (A11 −A22)ω12,
∑
m
A1α,mωm = (A11 − a2)ω1α +A12ω2α,
∑
m
A2α,mωm = A12ω1α, α ≥ 3,
∑
k
A11,kωk = dA11 + 2A12ω21,
∑
k
A22,kωk = dA22 + 2A12ω12,
∑
k
Aαα,kωk = dAαα, Aαβ,k = 0, α 6= β, α, β ≥ 3.
(3.16)
From the fourth and seventh equation in (3.16), we get
(3.17) Eα(a2) = Aββ,α = Aβα,β = 0, α ≥ 3.
Since the Mo¨bius scalar curvature is constant, tr(A) = A11 + (n − 1)a2 is constant.
Thus
(3.18) A1α,1 = A11,α = Eα(A11) = 0, α ≥ 3.
From the first, second and third equation in (3.16), we get
(3.19) A12,2 = E2(A12)− (A11 − a2)C1, A1β,β = −(A11 − a2)C1 +A12ω2β(Eβ).
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On the other hand, From (2.3), we have
E1(A22) = A22,1 = A12,2 +
1
n
C1 = E2(A12)− (A11 − a2)C1 + 1
n
C1,
E1(Aαα) = Aαα,1 = A1α,α +
1
n
C1 = −(A11 − a2)C1 +A12ω2β(Eβ) + 1
n
C1,
which implies that
(3.20) E2(A12) = A12ω2β(Eβ).
Since A1α,β = Aαβ,1 = A1β,1 = A12,α = 0, α 6= β, from the second equation in (3.16)
we can obtain
(3.21) A12ω2β(Ek) = 0, β ≥ 3, k 6= β.
From the first and third equation in (3.16), we get
E2(a2) = E2(Aββ) = Aββ,2 = A2β,β = −A12C1,
E1(A12) = A12,1 = A11,2 = E2(A11) + 2A12C1
= E2(−(n− 1)a2) + 2A12C1 = (n+ 1)A12C1.
(3.22)
Now we assume that A12 6= 0, From (3.20) and (3.21), we have
ω2α =
E2(A12)
A12
ωα := µωα, α ≥ 3.
Thus
dω2α = dµ ∧ ωα + µdωα
= dµ ∧ ωα − µC21ω1 ∧ ωα + µ2ω2 ∧ ωα + µ
∑
γ≥3
ωγ ∧ ωγα.
Using dω2α −
∑
j ω2j ∧ ωjα = −12
∑
klR2αklωk ∧ ωl, we get that
E(µ)− µC1 = −A12.
On the other hand, using (3.11) and (3.22), we have
E1(µ) = E1
[E2(A12)
A12
]
=
E1E2(A12)
A12
− E2(A12)E1(A12)
A212
=
E1E2(A12)
A12
− (n + 1)E2(A12)C1
A12
=
(E2E1 + C1E2)(A12)
A12
− (n+ 1)E2(A12)C1
A12
=
E2[(n + 1)A12C1]
A12
− nE2(A12)C1
A12
= (n+ 1)C1,2 +
E2(A12)C1
A12
,
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which implies that
(n+ 1)C1,2 = −A12.
This is a contradiction by A12 = C1,2. Therefore A12 = 0 and we finish the proof.
By Lemma 3.2 and equation (2.8), we can derive that dC = 0. Combining the results
in [4] and Lemma 3.1 we finish the proof of Theorem 1.1.
4 Global rigidity of Mo¨bius scalar curvature
A hypersurface in Sn+1 is called a Mo¨bius isoparametric hypersurface if its Mo¨bius
form vanishes and all the eigenvalues of the Mo¨bius second fundamental form B with
respect to g are constants. In [5], authors gave the following classification theorem.
Theorem 4.1. [5] Let f : Mn → Sn+1 be a Mo¨bius isoparametric hypersurface with
two distinct principal curvatures. Then f is Mo¨bius equivalent to an open part of one
of the following Mo¨bius isoparametric hypersurfaces in Sn+1:
(i) the standard torus Sk(r)× Sn−k(√1− r2);
(ii) the image of σ of the standard cylinder Sk(1) × Rn−k ⊂ Rn+1;
(iii) the image of τ of the standard Sk(r)×Hn−k(√1 + r2) in Hn+1.
To prove Theorem 1.2, we only need to prove C = 0. The way of the proof is to use
divergence theorem. First, we need some local computation.
Lemma 4.1. Let f : Mn → Sn+1 (n ≥ 4) be a conformally flat hypersurface without
umbilical points everywhere. If the Mo¨bius scalar curvature R is constant. then under
the local orthonormal basis {E1, · · · , En} in Lemma 3.2, we have
a1 =
2n− 1
2n2
− R
2(n− 1)(n − 2) +
n− 1
n− 2(C1,1 − C
2
1 ),
a2 =
R
2(n − 1)(n − 2) −
1
2n2
− 1
n− 2(C1,1 − C
2
1 ),
Aαα,1 =
R
(n− 1)(n − 2)C1 −
n
n− 2(C1C1,1 − C
3
1 ).
(4.23)
Except these coefficients A11,1, A1α,α and Aαα,1 the coefficients of ∇A are equal to zero.
12
Proof. The first and second equation in (4.23) can derive directly from the equation
tr(A) = a1 + (n − 1)a2 = 12n + R2(n−1) and R1α1α = −n−1n2 + a1 + a2 = C1,1 − C21 in
(3.13).
From (3.16), we can get
(4.24) A1α,α = (a2 − a1)C1 = [ R
(n− 1)(n − 2) −
1
n
]C1 − n
n− 2(C1C1,1 − C
3
1 ).
By (2.3), we have Aαα,1 = A1α,α +
1
n
C1. Combining above equation we get the third
equation in (4.23).
Since tr(A) = a1 + (n − 1)a2 is constant, we have A11,1 = −(n − 1)Aαα,1. Thus, by
lemma 3.2, we know that except these coefficients A11,1, A1α,α and Aαα,1 the coefficients
of ∇A are equal to zero.
Lemma 4.2. Let f : Mn → Sn+1 (n ≥ 4) be a conformally flat hypersurface without
umbilical points everywhere. If the Mo¨bius scalar curvature R is constant. then under
the local orthonormal basis {E1, · · · , En} in Lemma 3.2, we have
C1,11 = E1(C1,1) = (n+ 2)C1C1,1 − nC31 −
R
n− 1C1,
Cα,α1 = E1(Cα,α) = −2C1C1,1, C1,αα = Cα,1α = −(C1,1 + C21 )C1.
(4.25)
Except these coefficients C1,11, C1,αα and Cα,α1 the coefficients of ∇2C are equal to zero.
Proof. Since (Aij) = diag{a1, a2, · · · , a2} under the local orthonormal basis, we have
Aαα,1 = E1(Aαα) = E1(a2) = − 1n−2(C1,11 − 2C1C1,1) by Lemma 4.1, combining the
first equation in (4.23), we get the first equation in (4.25).
By the equation (3.12) and the equation (3.14), (Ci,j) = diag
(
C1,1,−C21 , · · · ,−C21
)
under the local orthonormal basis, thus we have
(4.26) Cα,α1 = E1(Cα,α) = −2C1C1,1, C1,αα = Cα,1α = −(C1,1 + C21)C1.
And the rest coefficients of ∇2C are zero.
Since the hypersurface is conformally flat, the Schouten tensor S =
∑
ij Sijωi ⊗ ωj
is a Codazzi tensor (i.e., Sij,k = Sik,j), which defined by
Sij = Rij − R
2(n − 1)δij.
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Noting that the scaler curvature R is constant, tr(A) and tr(S) are constant by the
equation (2.7). Furthermore, we have
(4.27)
∑
j
Aij,j = −
∑
j
BijCj ,
∑
j
Sij,j = 0.
Under the local orthonormal basis {E1, · · · , En} in Lemma 3.2, we have
(Sij) = diag(S1, S2, · · · , S2),
(4.28) S1 = −(2n− 1)(n − 2)
2n2
+ (n− 2)a1, S2 = n− 2
2n
+ (n− 2)a2.
Thus we have
Sαα,1 = S1α,α = (n− 2)Aαα,1 = R
(n− 1)C1 − n(C1C1,1 − C
3
1 ),
S11,1 = −(n− 1)(n − 2)Aαα,1 = −RC1 + n(n− 1)(C1C1,1 − C31 ).
(4.29)
Lemma 4.3. Let f : Mn → Sn+1 (n ≥ 4) be a conformally flat hypersurface without
umbilical points everywhere. If the Mo¨bius scalar curvature R is constant. then under
the local orthonormal basis {E1, · · · , En} in Lemma 3.2, the coefficients of ∇2S satisfy
S11,11 = −RC1,1 + n(n− 1)C21,1 + n(n− 1)2C21C1,1 − n2(n− 1)C41 − nRC21 ,
S11,αα =
(n + 1)R
n− 1 C
2
1 − n(n+ 1)[C21C1,1 − C41 ], Sαα,11 = −(n− 1)S11,11,
Sαα,αα = 3Sαα,ββ = 3{ −R
n − 1C
2
1 + n[C
2
1C1,1 − C41 ]}, α 6= β.
(4.30)
Proof. Since (Sij) = diag(S1, S2, · · · , S2), we know that except these coefficients S11,1,
S1α,α and Sαα,1 the coefficients of ∇S are equal to zero. Using the definition of the
second covariant derivative of S, we can compute these equations in (4.30).
Since E1 is principal vector corresponding the eigenvalue
n−1
n
of the Mo¨bius second
fundamental form B, the C1 = C(E1), C1,1 = ∇C(E1, E1) are well-defined functions
on Mn up to a sign.
Lemma 4.4. Let f : Mn → Sn+1 (n ≥ 4) be a compact conformally flat hypersurface
without umbilical points everywhere. If the Mo¨bius scalar curvature R is constant. then∫
Mn
C21C1,1dVg =
n− 1
3
∫
Mn
|C|4dVg,∫
Mn
C21,1dVg =
∫
Mn
|C|4dVg + R
n− 1
∫
Mn
|C|2dVg.
(4.31)
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Proof. Using the coefficients of the tensor C and S, we define two smooth vector fields
XS =
∑
ij
CiSijEj , XC =
∑
ij
CiEi.
From Lemma 3.2 and the equation (4.23), we can get the divergence of XS ,XC ,
divXC =
∑
i
Ci,i = C1,1 − (n− 1)C21 ,
divXS = (n− 1)(C21,1 − C41 −
R
n− 1C
2
1 ) +
R
2(n − 1)divXC .
Since the hypersurface is compact, we have
∫
Mn
C1,1dVg = (n− 1)
∫
Mn
|C|2dVg,∫
Mn
C21,1dVg =
∫
Mn
|C|4dVg + R
n− 1
∫
Mn
|C|2dVg,
(4.32)
On the other hand, we compute △|C|2,
△|C|2 =
∑
i
(EiEi −∇EiEi)|C|2 =
∑
i
(EiEi −∇EiEi)C21
= E1E1(C
2
1 )−
∑
i
∇EiEi(C21 ) = 2C21,1 + 2C1C1,11 − 2(n− 1)C21C1,1
= 2C21,1 + 6C
2
1C1,1 − 2nC41 −
2R
n− 1C
2
1 .
Since the hypersurface is compact, we have
∫
Mn
C21,1dVg + 3
∫
Mn
C21C1,1dVg − n
∫
Mn
C41dVg −
R
n− 1
∫
Mn
|C|2dVg = 0.
Combining the equation (4.32), we can derive the first equation in (4.31).
Lemma 4.5. Let f : Mn → Sn+1 (n ≥ 4) be a compact conformally flat hypersurface
without umbilical points everywhere. If the Mo¨bius scalar curvature R is constant. then
(4.33)
∫
Mn
{
C31,1 + (n + 5)C
2
1C
2
1,1 − (2n+ 5)C41C1,1 + (n− 1)C61 −
2R
3
C41
}
dVg = 0.
Proof. Using the coefficients of the tensor C and S, we define a smooth vector field
YS =
∑
ijk
Ci,jSij,kEk.
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Using Lemma 4.2 and the equation (4.30), we compute the divergence of YS,
1
n(n− 1)divYS =
∑
ijk
Ci,jkSij,k +
∑
ijk
Ci,jSij,kk,
= C31,1 + (n+ 5)C
2
1C
2
1,1 − (2n + 5)C41C1,1 + (n− 1)C61 +
(2n− 1)R
n(n− 1) C
4
1
− R
n(n− 1)C
2
1,1 −
2(n + 3)R
n(n− 1) C
2
1C1,1 +
R2
n(n− 1)2C
2
1 .
Integrating this equation and using (4.31), we can derive the second equation in (4.33).
Lemma 4.6. Let f : Mn → Sn+1 (n ≥ 4) be a compact conformally flat hypersurface
without umbilical points everywhere. If the Mo¨bius scalar curvature R is constant. then
∫
Mn
{
C21C
2
1,1 + C
4
1C1,1 −
n
3
C61 −
R
3(n − 1)C
4
1
}
dVg = 0,
∫
Mn
{
C31,1 + (n− 1)C21C21,1 − (2n + 1)C41C1,1 + (n+ 1)C61 +
2(n + 1)R
3(n− 2) C
4
1
}
dVg = 0.
(4.34)
Proof. Using (4.25),
1
4
△|C|4 = 1
4
∑
i
(EiEi −∇EiEi)|C|4 = 3C21C21,1 + C31C1,11 − (n− 1)C41C1,1
= 3C21C
2
1,1 + 3C
4
1C1,1 − nC61 −
R
n− 1C
4
1 .
Since the hypersurface is compact, then
∫
Mn
{3C21C21,1 + 3C41C1,1 − nC61 −
R
n− 1C
4
1}dVg = 0.
Since Sij is a Codazzi tensor and tr(S) is constant, we can compute △|S|2 by (4.29),
1
n2(n− 1)△|S|
2 =
1
2n2(n− 1){
∑
ijk
|Sij,k|2 + 1
2
∑
ij
(Si − Sj)2Rijij}
= C31,1 − (2n+ 1)C41C1,1 + (n − 1)C21C21,1 −
2R
n− 1C
2
1C1,1 −
2R
n(n− 1)C
2
1,1
+ (n+ 1)C61 +
2(n + 1)R
n(n− 1) C
4
1 +
(n+ 1)R2
n2(n− 1)2C
2
1 +
R2
n2(n− 1)2C1,1.
Integrating this equation and using (4.31), we can derive the second equation in (4.34).
16
Lemma 4.7. Let f : Mn → Sn+1 (n ≥ 4) be a compact conformally flat hypersurface
without umbilical points everywhere. If the Mo¨bius scalar curvature R is constant. then
∫
Mn
{
C31,1 +
5n+ 4
2
C21C
2
1,1 − 3(n + 1)C41C1,1 +
n
2
C61 −
(7n − 10)R
3(n− 2) C
4
1
}
dVg = 0
∫
Mn
{
C31,1 +
5n+ 16
2
C21C
2
1,1 − 3(n − 1)C41C1,1 −
3n
2
C61 −
(7n + 2)R
6(n− 1) C
4
1
}
dVg = 0.
(4.35)
Proof. Using the coefficients of the tensor C and A, we have two following smooth
functions,
|C|2A =
∑
ij
CiAijCj = C
2
1a1, |C|2C =
∑
ij
CiCi,jCj = C
2
1C1,1.
Next we compute △(|C|2A) and △(|C|2C).
n− 2
2(n− 1)△(|C|
2
A) =
n− 2
2(n− 1)(E1E1(C
2
1a1)− (n− 1)C1E1(C21a1))
= C31,1 − 3(n + 1)C41C1,1 +
(5n + 4)
2
C21C
2
1,1 +
n
2
C61
+
n− 2
2(n− 1) [
2n − 1
n2
− R
(n− 1)(n − 2) ]C
2
1,1 −
n− 2
2(n − 1)[
2n − 1
n
− (2n− 1)R
(n− 1)(n − 2) ]C
4
1
n− 2
2(n− 1) [
3(2n − 1)
n2
− (7n − 4)R
(n− 1)(n − 2) ]C
2
1C1,1
− n− 2
2(n− 1) [
2n − 1
n2
− R
(n− 1)(n − 2) ]
R
n− 1C
2
1 .
Integrating this equation and using (4.31), we can derive the first equation in (4.35).
1
2
△(|C|2C) =
1
2
(E1E1(C
2
1C1,1)− (n− 1)C1E1(C21C1,1))
= C31,1 − 3(n − 1)C41C1,1 +
(5n + 16)
2
C21C
2
1,1 −
3n
2
C61
− 7R
2(n− 1)C
2
1C1,1 −
3R
2(n − 1)C
4
1 .
Integrating this equation and using (4.31), we can derive the second equation in (4.35).
Now we combine these equation system in (4.33), (4.34) and (4.35), we can derive
that
∫
Mn
C41dVg = 0, which implies that C1 = 0 and the Mo¨bius form vanishes. Thus
we finish the proof of Theorem 1.2.
17
References
[1] E´.Cartan, La de´formation des hypersurfaces dans l’e´space conforme re´ell a` n ≥ 5
dimensions, Bull.Soc.Math.France, 45(1917)57-121.
[2] M.DO Carmo, M. Dajczer, F. Mercuri, Compact conformally flat hypersurfaces,
Trans. Amer. Math. Soc. 288 (1985), 189-203.
[3] Z. Guo, T. Z. Li, L. M. Lin, X. Ma, C. P. Wang, Classification of hypersurfaces
with constant Mo¨bius curvature in Sm+1, Math. Z., 271(2012), 193-219.
[4] Limiao Lin, Zhen Guo, Classification of hypersurfaces with two distinct principal
curvatures and closed Mo¨bius form in Sm+1, SCIENCE CHINA Mathematics,
55(2012), 1463-1478.
[5] Li H.Z., Liu H.L., Wang C.P. and Zhao G.S., Mo¨bius isoparametric hypersurfaces
in Sn+1 with two distinct principal curvatures, Acta Math. Sinica, English Series
18(2002), 437-446.
[6] G. M. Lancaster, Canonical metrics for certain conformally Euclidean spaces of
three dimension and codimension one, Duke Math. J., 40(1973), 1-8.
[7] J. Lafontaine, Conformal geometry from Riemannian viewpoint, in Conformal
Geometry (R.S. Kulkarni and U. Pinkall, eds.), Aspects of Math. Vol. E12, Max-
Plank-Ins. fu¨r Math. (1988), 65-92.
[8] R. S. KULKARNI, Conformal structures and Mo¨bius structures, in Conformal
Geometry (R.S. Kulkarni and U. Pinkall, eds.), Aspects of Math. Vol. E12, Max-
Planck-Ins. fu¨r Math. (1988), 1-39.
[9] U. PINKALL, Compact conformally flat hypersurfaces, in Conformal Geometry,
in Conformal Geometry (R.S. Kulkarni and U. Pinkall, eds.), Aspects of Math.
Vol. E12, Max-Planck-Ins. fu¨r Math., 217-236.
[10] J. A. Schouten, Uber die Konforme Abbildung n-dimensionaler Mannigfaltigkeiter
mit quadratischer Mαβ bestimmung auf eine Mannigfaltigkeiter mit euklidischer
M αβ bestimmung, Math. Z., 11(1921), 58-88.
18
[11] Y. Suyama, Explicit repersentation of compact conformally flat hypersurfaces,
Toˆhoku Math. J., 50 (1998), 179-196
[12] C.P.Wang, Mo¨bius geometry of submanifolds in Sn, Manuscripta Math.,
96(1998)517-534.
19
